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NOTATION

Symbol Definition

A Area

A(x) Sectional area curve

A 0 - fi 8ii Midship section area

a Coefficients of polynomials

a(6) Area curve of dimensionless section

a*M) Dimensionless sectional area curve with unit ordinate at the
midship section

B Beam

b Coefficients of polynomials

B
b -- Half beani radius

2

o A constant, coefficients

D Diameter for bodies of revolution

E Resistance function

e Eccentricity

F -W Froude number

I/ Draft

I(y) Resistance function

J(y) Resistance function

K - 2- Dimensionless curvature at the midship sectionL

L Length

L Length-diameter ratio of body

1)

1 L Half-length

2

M Resistance function

"r (wczoral functiios of the typ)o fliZ[or; K; yo] where o and
r are the indiuus of the K function



} •Integers, exponents

R Resistance

I• Dimensionless resistance

8y Static moment

S-q Dimensionless static moment

t = Taylor's tangent value

U Velocity in the x direction

-F Volume displacement

V (0) Fining function

+1

W(z) -2 J y(z,z) dw Waterline area
-L

W0 Load waterline area

w0  Dimensionless waterplane area

w(0) Dimensionless waterline area

w*(4) Dimensionless waterline area reduced to unity at the
load waterline

X Axis

XS (e:) Symmetric parts of the dimensionless waterline equation

AsymmetricJ

z Coordinate

"X0 Longitudinal coordinate of a centroid

y Axis

y Coordinate

y+ y(x,Z) Equation of hull

Z Axis

Coordinate

a c c Area coefficient of load waterline

1 = CMidship aroa coefficient

y Variable of integration
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F2P

8 Cb Block coefficient

a
" =- Dimensionless cjordinato

C K(e) Equation of longitudinal midsection

y
77 =- yDimensionless coordinate

b

q7 = t rI(Ct, 0) Dimensionless equation of hull

77 - X(m ) Diniotisiujiless equation of load waterline

q= Z(4) Dimensionless equation of niidship section

is Symmotric parts of

17a Asymmotric I

4 - Dimensionless coordinate

C: 0Dirnensionless longitudinal coordinate of a controid

9 U C Prismatic coefficient

L
Ratio of slonderness
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INTRODUCTION

For nearly thirty years attempts have boon made to evaluate Micholi's wave resistance

formula1 in such a way that useful deductions for the profession can be immediately obtained.

Havelock succeeded in explaining the most characteristic features of the wave resis-

tance of ships, Wigley and the author compared results of theoretical computations with experi-

mental data and the author tried to develop methods for finding ship forms of low wave resis-

tance. Although much interesting information has been accumulated, the results remain rather

sporadic. The bibliography of the subject can be found in TMB Report 710 (Reference 2).

So far, notwithstanding various efforts, no better solution to the wave resistance of

normal surface ships has been found than Michell's integral. For this reason and another to

be mentioned later it was decided that a more comprehensive attempt should be made to eval-

uate this integral. On request of the Taylor Model Basin the author submitted a rdsoarch pro-

gram to the Mathematica Department of the Office of Naval Research and was fortunate to find

kind interest and strong support, for which he fools especially indebted to Dr. Mina loees, Dr.

John Wehausen and Dr. E. Bromberg. A contract was granted to the Bureau of Standards which

at present has completed the computing work connected with the first stage of the program.

The author wishes to express his thanks to Dr. Alt, Dr. Lovin, Dr. Abramowitz, Mr. BIlum, and

Mr. Hirschberger, who have contributed decisively to the success of the work. The extensive

calculations were started with the full understanding and with the hope that Michell's analysis

will be superseded by better "theories," but it was thought that even in this case the simple

linearized solution would not lose its significance.

Before beginning the computations careful consideration was given to related attempts

made by Sretensky. 3 This well-known author came to rather disappointing conclusions con-

cerning the practical usA of Michell's integral. It has been shown, however, that Srotensky's

approach is not quite consistent and his final negative Statement is not conclusive. 2

The author wishes to acknowledge that besides ONR, the Model Basin and the Wa./o

Panel of the Society of Naval Architects gave full encouragement to the work. The Model Basin

initiated a similar project on the wave resistance of submerged bodies of revolution which has

been succo3sfully complked. 4

The program of the present work has boon already discussod in the author's review on

wave resistance. 2 The most interesting problhm in doeling with the wave resistanco of normal

ocean-going hull forms consists of finding the appropriate longitudinal displacemont distribu-

tion, i.o., the sectional area curvo. Thie proper vertical distribution of the displacomnnt though

of comparable basic importanco can bo troatod in a more summary way. Clearly tho s(eparation

of longitudinal and vertical distributions is an artifice, which in the later stago of tLim prostxon

1 Referent:cs are listed on page 59.
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work will be eliminatod; besides, the dependence of the wave resistance upon two fundamental

quantities - the draft and the aiidship area coefficient - can be judged already from the results

so far obtained.

The tables can be applied essentially in two ways. First, if suitable restrictions are

introduced, hull forms of least wave resistance may be calculated directly for a sufficient

number of Froude speed parameters Y" = U/VIL. This approach is useful and necessary but

experience has shown that it does not cover all practical needs.

Seuondly, wave-resistance curves may he calculated for a large number of systematical-

ly varied forms. From these curves trends in resistance change due to systematic form vari-

ations can be established and the influence of various form parameters can be studied. At

present, emphasis is laid on the second procedure but sorne forms of least resistance also

have been investigated. A complete survey of the field requires, clearly, both methods of

computation.

Part I of the present report deals with some basic geometrical properties of hulls and

in Part II it is shown how Michell's integral can be evaluated for simplified ship forms.

The pier 3 de resistance is the collection of tables in Appendi. II.
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PART I

GEOMETRY OF THE SHIP

DESCRIPTION OF THE HULL FORM

GENERAL REMARKS ON ALGEBRAICALLY DEFINED SHIP LINES

Any treatise on theoretical naval architecture should include a chapter on the geometric

properties of ship forms and their analytical representation which may be called "Geometry of

Ships." This terminology agrees with the corresponding one used by Mr. Owen in "The

Principles of Naval Architecture" although the notation "Geometry of Ships" has boon used

in a narrower and not quito adequate sense for special problems in the field of static stability.

Much ingenuity has been displayed in describing the geometric proporties of hulls by

form parameters and coefficients and in developing graphical procedures for the design of

these hulls. A characteristic feature is the wider use of integral relations, especially of

integral curves, amongst which the sectional area curve is the most important. Differential

relations, although well known, are much loss popular.

The present day's graphical method of hull design is efficienC from a restricted practical

viewpoint. Its flexibility and power should not be underestimated, but it does not furnish a

satisfactory foundation for scientific work. It is thought that the lack of a general and rigorous

method of representing ship forms is responsible to a considerable extent for the back-wardness

in some branches of theoretical naval architecturu.

Quito a few attempts have been made to base the design procedure on mathematical

equations. The ideas underlying those attempts were sometimes ratlier mystic insofar as un-

proven superior resistance qualities were claimed for analytically defined lines. Du.W. Taylor

approached the proI)lem in a much more realistic way. According to his statements he devel-

oped "mathematical formulae not with the idea that they give lines of least resistance but

simply to obtain lines possessing desirod shapu."'S

Hlt was quite successful in representing .,,ctional area curves and waterlines by fifth

degroe polynomials.

OQir prosnt aim is s-uomewfuut wore g.,•vral than Taylor's: wo wisil to develop oquations

which muable us to roprsont lines po~s, ssing lh-iiruoi shIptIS anE ( which at the aiam i tiue aro

suiihidh for fimling citoritia for this d](( ircd shJpo lruin theio ptoint of viow oif furidnialclital tile-

clianKi(Al pro•1orties,: like res i.t:t-,Lt( stability, soaworthiht;.-, I??,: lhat mt atns that the cx-

pjre.sitt.s for .Hin shlip surfIce must. be 00 ufficiuntly guneural atn" that. their apg icatinu in various

thioorioes deali ng wtiith neianical iropwrt.ies. of s"hips mus:t load to a reansonlthe tit(1,4utt11 of

mtthioniatical wo)rk. 2
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There exists another purely practical viewpoint from which it is desirable to icrivo

equations for the hull: the reduction of work in the mold loft. ,'ltlx'ugh this requirvnment is

basic, we shall not consider it as a primary oar within the scope of the jir(.ts(nt report.

Even from the point of view of mechanics alone the problerm rannot hu handled in an

exhaustive way since the dependence of important hydrodynamic effects upio nlir geometric

properties of lines and surfaces is almost complotely unknov -. For instance, wt( do riot know

what limits of slopes and curvatures must 1)o established to avoid unfavorabli pro4siir( gra-

dients which may lead to separation or high tangential resistance. In this respect we mu:st ho

satisfied by Taylor's criterion to obtain lines possessing a well defined shape. Even ;o, the

possibility of making form variations in a systematic and rigorous way is a necessary and

valuable condition for experimental research.

GENERAL. PROPERTIES OF SHIP HULLS AND SHIP LINES

Axes of Reference; General Expressions for the lHull and the Main Ship Linos in

Dimensional and Dimonsion less Coordinates

Lot us assume a system of axes as shown in Figure 1. The XY-plano coincides with

the design load waterline, the XZ-plano is the piano of symmetry, and YZ-plane is the plane

of the midship section. The positive direction of Z is - •wnward.

This system of reference differs from that usually accepted in buoyancy and stability

calculations whore the XY-plauo contains or intersects the keel and Z-axis points upwards.

Some differences in notation and definitionn arise because of this discrepancy which,

however, ar) of minor consequence.

As usual the principal dimensions of the ship are denoted by L, B, arid H.

For a summary description of hulls the following definitions are proposed:

1. A fine ship is a ship with a low prismatic coefficient 95. Consequently the block

coefficient 8 must also be small, while the magnitudo of the midship area coetficiont /3 is

not decisive.

2. A sledler ship is a ship with a high value of the length dik.placeniont ratio i/Y1/3 =

Vif = OhlQ(Froudo), or low value i'/L 3 (Taylor).

3. A narrow ship is a ship with a low I?/!, ratio.

4. A thin ship is a narrow ship with a low 14/Il ratio. In extreme caseis it can l(i.e described

as a body with wedgoliko waterlines and Thction. . Iris c()JIcutP1 . ii impojrtant. in coliictlionl

with Michell's theory of wave resistanco ("Micholl's ship'").

5. Bodies of revolution with a large l./I) ratio arc. call d v"ry •longated hiodios of revolu-

tion.

Throuidlnutt. Lhis, roport hrowd usi! Will IWf. l,:('' -! o i n ........ ul ilil, ."2o
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Figure 1 - Axes of Referonco

Dimonsionlos. offsets of hulls, ship lines, und integral curves have been familiar in

naval architecture for a long time as an indispensable moans for iystomaftizing actual ship

forms.

It is fairly obvious that the use of dimonsionloss coordinates is advantagoous when

studying geometrical properties of hulls; for inst..nceo, simple connections between the oqua-

tions of the hud and the well-known form coofficients are immediately established.

In an earlier report 2 the writer has tried to carry out a strict division between the prin-

cipal dimensions and the "pure-shape" of a hull when applied to investigations on wave re-

sistance. The procedure appears to be legitimate within certain limitations. The same applies

to some extent to investigations on seaworthiness. Although the results may be different when

dealing with viscous phenomena, it is hoped that the consistent use of dimensionless repro-

sentation will contribute appreciably to increase our knowledge of the hydrodynamical anti

mechanical properties of hulls.

From the preso.nt point of view, the use of such parameters as U/V 1/3 cannot be re-

cumnionded for a detailed analysis, since here the pure form constant, 8 --Cb* and the pronor-

tions of principal (lilfelibionl. are mixed together. Our purposo i ,o aWpiroxinmato the ship form

by as many charactoristic values as possible, not to merge several knowi, paraineft.c. into it

singlo )ne. Therefore, the use of tho stpitratto ratios B/I1, 1f/I1, and a instead of L/*-1/A

is preforldhIn. 'I'lie latter ratio is suitab I only ats a first rrijentition.

ThM ('( 1U1. t4i)lo to" 1i lii II iiitty Iw wri tia i.MA

- y =+ rj~ , z) Ii1

Tl'he douhle sign af)uitr:-S lbocausO til Ihull consists of two essentially l;y:,inietric hailv.;.

*Trhrnmthnut this repcrt (reek letters aia used for the fori, cuefficieuts: (.01 I J (C I?. o f, (: t
". •it, i,



In most cases it is sufficient to consider

y - + y(x, 11 al

In what follow9, dinmnsionless coordinates are preferably used, defined by

X 1 I1

with I - t/2 and b -, B/2.

Thus the following equation corresponds to [la].

-/ q (C.,) [ 2a]

Basic, relations will be given in v dimensional as well as in a dimensionless form.

The main purpose of the following synopsis is to work out a consistent system of sym-

bols and notation.

The symbol y and in dimensionless representation q, will be used not only for the equt-

tion of the surface, but also for equations of ship lines when no confusion can be caused.

In later applications it will be assumed that the thickness of the stem, the stornpost,

and an eventual keel is zero; otherwise expressed, the hull form is Faired down to the center-

plane at those locations.

Thus, Equation [3] given below for the load waterline complios with the conditions

X(± 1) = 0, and Equation [4] for the midship section complios with (1) ý-0. Thoso assump-

tions will be always tacitly mado unless the contrary has boon stated. It is easy to derive

equations of ship lines with finite ordinates at their ends; the sanme applies to the equation of

the hull when the thickness of the keel, stem, and iturnpost are constant and equal, but corn-

plications arise when variable "intorcepts" must be considered.

PRINCIPAL SHIP LINES AND INTEGRAL CURVES

The following notations are proposod:

1. ['ho hull oquation

y y y(x, z)- 4 - bNG (4)

2. The lOL•h watrline

y (x,c0) - by (o,0)

11i

q,0) )
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4. L~ongitudinal midsection (centerplane contour)

- [51

5. Sectional area curve

A(x) - 26/I b( ,1d1 flJa(r) [.61

where

a(C) - 2,)d" [fa6

0

The midship section area A (0) is denoted by A0  R f3B H. At the midship section w 0, a(O) - 2 f
When the centerplane contcur is a rectangle

A W -2 foy (x,az) viaA(z) - 21 f~~)d
[7]

a(C).-2 Jo C) dC

To obtain a dimensionless sectional area ourve with a unit ordinate at the midship

section we define

A(x) - B11 a*(.)

[B]K C4)i]

a*(C) a(f) J C d C

Th) prismatic coefficient may then be defined

+1

6. Waturline area curve

+1 +1

y (X, w)x -- 2 b I Q; 0* d

bI ?v w 6 aH,1* (4ý)



C

where +

+1 Wa [q. )!
tt1

-1

a is the area coefficient of tho load waterline and tho load watorlino aroa W (0) is donotod by

We.

a. w() W(P)//61 is tho area curve of the dimensionloss waterlines /(, ) at the

depth CO. With w(0) = to0, w0  4cta.

b. w*(C) is the dimensionless waterline area curve reduced to unity at the load watorlino

w*(0) - 1.

c. We note further that a (C) - 4 .(z:)/BL is the curve of area coefficients of waterlines

at a depth z, referred to LB.

SUMMARY OF EQUATIONS FOR MATHEMATICAL SHIP LINES

y y(x, a) Equalion of hull

x Y i - , tJ Dimonsionloss coordinates, where I - b

q -r (- , ) Dimensionless oquation of hull

S 0) = X() Dimonsionless equation or watorplano.

77 - q (0, z)(C) (•) Dimensionless equation of midship section

0 = Kj(C= 4); W." K(•) Dimensionless equation of contorplano

K (C)

a() - 2$ '/(V, 1) d(i Dimonsionlhss aroa of section

• K(4)

a*(4:) -•!| 7(4;,•) d4 IDiimonisionlos;; soctiondl ara cmurvo, witlh un it

[o ordi nate at tho nidhi p sct~iom

+41

-a (.) d 44 Dinonsionless voluumn

(t 1 fZ(6) d~ J n ohs mil hip smdloji urc-a

lb ll'



+1

w(•)=2}f 1(•,g d Dimensionless waterline area

-1

w*(C) L -- I i o de Dimensionless waterline area reduced to
- 1 unity at the load waterline

+1

w(0) w0 - 2 f W- d Dimensionless waterplane area

+1

W(0) - .=w If X (C) d Load waterline coefficient
C. LB L8I 4

-I

A(0) a0 .ja- Z() d- Midship area coefficient
C" [11I 2 Jo

+1

= B -, 7 . . . . a(t-) d6 Block coefficientLB I1 I

CA x A a* )d d • Prismatic coefficient

SYMMETRY AND ANTISYMMETRY WITH RESPECT TO
THE MIDSHIP SECTION

Application to Calculations

The description of the ship form by suitable coefficients can be highly improved by treat-

ing separately the forebody and the afterbody. Astonishingly, this rather trivial and well known

procedure has only recently found a broader application.

Taking, for example, the equation of the load waterline X (C) and denoting the pertinent

paramotors for the forobody and aftorbody by the suhscripLs F and A we obl.ain it consisteont

sot of coefficients by calculating moments of various orders

ao()••,, C ()• 2 dtt•i,.,etc:,

oo p )""('•)4d ,

-1
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In the same way suitable parameters can be established for the entrance and run. To my

knowledge Tulin (TINA, 1924) was the first to propose the ratios 4. = OF/ar and C-A

OA/aA as form parameters.

The difference a. - a A can be used as an independent characteristic value for the

description of the asymmetry beside the most popular distance of the centroid Equation 1141.

For our present purpose, however, we do not need to dwell upon this matter and may

confine ourselves to some remarks which are important for the resistance calculation.

A basic procedure is to split up the surface equation into a main part symmetric with

respect to the midsection (y an even function with respect to x)
y, (x, a) - b7. ¢- )

and an asymmetric (skew) deviation (y an odd function with respect to z)

y 0 (x,) - b 0 (C-,<) [10)

Y(A- y8,(w,s) + y0(Xza)

q(7,M.) q•, 8 (, 0) + 77a (,") [lOal

The same applies to any curve dependent upon x (or C-), such as

A(x), a*(C), X(4), etc

For instance

X(C) X. (0) + X0 (C) [lOb]

Integrating over the total length we obtain

X(C)d- 2Jf' X 3(C)dC Lll

-1

since the integral over an odd function with eqaal and opposite limits disappears,

+1 xo( = 0

This eloemntary remark is very useful in thl whole field of theoretical naval architet-turo. Thus

from Equation [111 it follows, For instance, that the area W and the area coefficient a of the

load waterline depend only upon the symmetrical part of XS (4), whilo the odd terms Xa(C) only

yield a contribution to tho static moment S or S with respoct to the transverse axis y or q.

,1
Io f 0 Xý (6) d'."--4a ~
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X , [13]
0

Let w0 be the longitudinal coordinate of the centroid. Then with 60 - xo/Z we obtain

, * ____ _, [141

0

In shipbuilding practice the ratio e0 = XOIL -I o/L is commonly used.

When a curve is given analytically or graphically by X=X(e), -1 <_ C$ -. 1, then

X. = • X(e) + X(-ol) InC., 1[5
2

X", - I IIx(C) <X(- 1, 1 S 1 [l5alG2

It is cletr that X. is symmetric, X0 asymmetric, and that X Xs + Xa, - 1 n C < 1.

These trivial considerations can save labor when performing routine computations in

shipbuilding practice.

REPRESENTATION OF SHIP HULLS BY POLYNOMIALS

GENERAL CONSIDERATIONS

Any function y - y(xa) which is continuous in a given domain can be approximated
within any degree of accuracy desired by a complete sot of orthogonal functions. As such one
could, for instance, choose the Fourier series or the Legondre polynomials. 6 Since, however,
a technically satisfactory solution must be restricted to a small number of terms, the mentioned
functions do not appoar to be practical in our case. Using a modest number of Fourier series
terms, the approximating function generally will not he fair, i.e., exhibit a larger number of

points of inflection.

An interesting example showing that the orthodox approach is not always the simplest
may be quoted from the field of aerodynamicas: in a study of lift distribution over wings, Fuchs 7

has demonstrated that by solecting properly the coefficionts and the tornis of' a set of trigono-
metric functions a bettor approximation can be found than by the Fourier expansion with thu
samen (.iall) nurnior of torins.
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The successful application of spline curves* to ship design suggests that an analytical

representation of ship forms by polynomials should be rather simple.

This way has been tried with good results so far as waterlines are concerned. Its

mathematical justification follows from Woiorstrass' theoreml: a continuous function y(z,z)

within prescribed boundaries can be approximated with any desired degree of accuracy by a

polynomial in -,z.

ihus

(16)

a neC' nn Cm

can be assumed as general expressions for the ship hull.

The general equation [16] does not lend itself easily to a discussion. Besides the

boundary conditions, Equation [161 must fulfill the basic inequality -q((, e) Ž 0.

For design purposes the.block coefficient 8 the main area coefficients a and fl, and

various other integral and differential relations can be prescribed. The most familiar and

powerful approach is to assume the form of the sectional area curve

afv~ OK [6RI d1

It is difficult to comply with conditions of fairness since these have not yet been

properly formulated. However, assuming a reasonable number of arbitrary parameters one is,

at least in principle, enabled to derive ship forms from general mechanical considerations like

minimum wave resistance, considerations on seaworthiness, etc.

Actually, so far, Equation [161 has not been systematically discussed. Instead of the

general approach, some intuitive procedures of constructing the hull equation havw been pro-

posed by the author. These procedures follow to some extent the graphical method of design

and are largely based on the equations of the load waterline and the midship section

X(O -l -Y a,, 1171

z(C) - I ,,C [181

rt'i'b.,,lh,,ti -ýf the. uirr-pvc:t npl-int clirvv-" "r& pudynondalm.
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These are investigated separately and then are connected in such a way that the boundary

condition on the contour line, which will generally be assumed in the form 17 (4, C) - 0 (Equao.

tion [5]), and other conditions are easily fulfilled. In what follows it will be assumed that the

thickness of the stern and the keel is zero. This restriction is by no means necessary, but it

simplifies the work considerably. Then from Equations [17] and [18] we obtain immediately

a. - 1[17a

and

.7bm -I [18a]

since

X(1) Z (1) - 0

By introducing additional functions the flexibility of forms can be appreciably increased.

Thus the problem may be split into two parts:

1. The study of appropriate lines (waterlines and sections) to which some attention has

already been given and which will bo investigated more thoroughly in the section on Equations

of Waterlines and Sectional Area Curves.

2. The construction of the hull from these elements. Simple examples will be discussed in

a later section.

REMARKS ON THE PROPERTIES OF THE BINOMIALS

)7 or i-1-C" LID]

with n,m positive integers are equations of general parabolas. Obviously the parabola

I-- has the following importanL properties within the region

1. 1 -0 and 77 l - I for all n at Lhe points e - 0 and 1 1; respectively.

2. With increasing n, the parabolas approach the axes 7, - 0 and - 1
3. By folding the curves around the line 7- , we obtain the curves

41•/fl [20]

Introducing again our usual axis of reference the curves

77 1 - Vll -. I - e


